I t is a pleasure to express our gratitude to Mr J. A. Keiller for his ingenuity and assistance in the construction of the equipment used in this work. We are further indebted to him, to other members of the staff of the Institute and to Mr D. Schonland for help with the observations. The author answers one o f the questions proposed by Mahler in a recent paper on the critical lattices of star bodies.
1.
In a recent paper Mahler (1946) has developed a general theory of the critical lattices of star bodies. Let F(X) = F (xx, x2, .. .,x n) be a continuous function of the co-ordinates (xx, x2, ...,xn) of the point X and suppose that:
(a) F(X) 0 for all points X . (b) F(tX) = | t| F(X) for all points X and real numbers t. Then the set 8 of the points X , for which 1, is a star body. A lattice A is said to be admissible for if the origin 0 point of the lattice in the interior of 8. The star body 8 is said to be of the finite type, if there is at least one lattice which is admissible for 8. In this case, as Mahler proves, the determinants of the lattices admissible for 8 have a lower bound, A (S), which is attained for one or more of the lattices admissible for 8. Such an admissible lattice with determinant zl($) is said to be a critical lattice of I t is almost im mediate (see Mahler's theorem 13) that, if A is a critical lattice of then, for any e > 0, there exists a point P of A such th at 1 ^ F{P) < 1 + e.
Mahler proposes the following P r o b l e m . Let 8 : F(X) ^ 1 be any star b and e > 0 any arbitrarily small number. Do there exist n independent points P2, ..., of A such that 1 F(Pr) < 1 + 6 , where r = 1,2, ...,n ? I t is well known th at such points always exist if the star body is bounded. I prove the following result, which shows that it is not always possible to find such points if the star body is unbounded.
T h e o r e m 3. For any A, satisfying 1 < A < f(l-Q), there exists an star body S, such that the inequalities
^ F(P) < A1/n are satisfied only by one pair P and -P of points of the unique critical lattice of
The existence of such a star body will be shown to be an immediate consequence of the following result.
T h e o r e m 2. For any A, satisfying 1 < A < ^(1-6), there exists an n-dimensional star body 8, such that (а) S has a unique critical lattice with determinant 1, (б) if A is any lattice, with determinant less than A, which is admissible for then A can be obtained from the critical lattice by a magnification. This theorem will also be used to show that, if is a variable star body, then A(S) may be in a certain sense a discontinuous function of This is discussed in § 6, where I shall prove T h e o r e m 4. For any A, satisfying 1 < A < ^(1-6), there exists an n-dimensional star body 8 and a star body 8e, depending on a positive parameter 6, (a) for every 0 > 0, the body 8d contains 8, Proof. We first prove (6). The set S is the set of points for which either
where 6 = b{l+*Jo} and =£{l--\/5}.
Suppose A is any lattice, admissible for S, with determinant d <7(1-6) = 7 8 / 75.
Suppose A is generated by the points with co-ordinates bx) and (a2, b2). Then for all integers u and v not both zero
The discriminant of this indefinite quadratic form is 506 C. A. Rogers
It follows from (1) and (2) and Markoff's theory of the minimum of an indefinite binary quadratic form (Dickson 1930, theorem 62) th at A^l , and th at the quadratic form can be transformed by an integral unimodular transformation into the form
So, if the points (ax, bx) and (a2, b2) generating the lattice are chosen suitab
In the first case write ctx --bx, Then either
where | f i v| = ^ 1.
In either case A is generated by the points with co-ordinates ( , fix) and , where ax-0 p x = P , * 1 -0 fii = v,
0'v,

and
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By a similar consideration of the quadratic form
we can prove th a t A is also generated by the points with co-ordinates (yl5 and ( 7^) , where S . -S y^ p, = <r, 2 -<*2 " = #'<7', and | p e rj Consider now the rectangle defined by
of area 4 A /(1*6) > 4zl, This rectangle must contain, besides 0, another point of the point with co ordinates (£, ij), say. We may suppose th at
where u,v, w and t are integers. Then
and similarly | V2V&~£2\
so that, as the point (£, rj) is in the rectangle (3) but is not inside S,
As u, v, wand t are integers, we must have
This implies that either E,rj -0 and \ t~t \ -A, or £2 -= 0 and | | = A.
As A^ 1 and | | < 1 the conclusion is that 7] -0 and [ j = pA, Thus the point with co-ordinates ( f A ,0) is a point of A. A the points of A in the rectangle defined by
shows that the point with co-ordinates (0, is a point of A. So all points of the lattice of points, whose co-ordinates are integral multiples of are points of the lattice A. Since these two lattices have the same determinant A they must be identical. This proves (6) and also shows that every lattice which is admissible for 8 has a determinant greater than or equal to 1. Now to prove (a) we have only to prove that the lattice of points with integral co-ordinates is admissible for 8. But this is obvious, as, (x2 -xy -y2) and (y2 -yx -x 2) are integers and neither is numerically unless x -y = 0. Thus the lattice of points, whose co-ordinates are integral multiples of ^/A, is admis sible for 8e and the only points of this lattice which are in the interior of . S6 are the points with co-ordinates { -f X , 0), (0,0) and (fX,0).
We have only to prove th at this lattice with determinant A is the unique critical lattice of S0. If A is any lattice with determinant < A, which is admissible for then A is admissible for 8. Consequently A is generated by the points with the co-ordinates ( f A ,0 ) and (0 As the first of these points is not in the interior of the rectangle (4), we must have A > A. Thus A -A and A is the lattice of points whose co-ordinates are in multiples of fX. This completes the proof of the corollary. Proof. As the points A V A 2, ...,A n_x are in the sphere given by (5), the deter minant A ' of the lattice in < x generated by these points satisfies
Suppose A n has co-ordinates (ax, a2, ..., an) and let B be the point with co-ordinates (0,0,..., 0,an). Then the square of the distance between A n and B is I S +a! + -( 4 s ) a "»< (2^) ' as A n is in the cone C and the sphere given by (5). So the perpendicular distance from
Bt o a is greater than
Let the point X with co-ordinates (x1 } ...,x n) be the space cc. If xn -0 then clearly X is not in the cone C. If 4s 0 then the po with co-ordinates
is also in a, and so the distance from Bt o X ' is greater than or equal to the perpendicular distance from to Thus, using (6) and the fact th at A n is in the sphere given 
. P r o o f o f t h e o r e m 2 .
The theorem is trivial when 1. We have proved the theorem when n -2. We assume th at the theorem is true when prove that it is true when n = r +1. We may suppose th at Sr is an r-dimensional star body, symmetrical about 0, which satisfies the conditions obtained from (a) and (6) by replacing A by |(A + ^(1-6)). By lemma 3 we may suppose th at Sr satisfies the conditions obtained from (c) and (d) by replacing n by r. Further we may suppose th at is the set of points given by 
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Let T be the (r+ 1)-dimensional set of all points for which both If the co-ordinates of A s are (as l , as2, ...,a s r+1) then this implies th at I a s,t I < 2_r_1V(l-6) • K + l a r+ l,r+ l 2 -r-1( l ,6) & r+1, f o r = 1,2, . . . , r + l .
The determinant A of A is the absolute value of the determinant Now, by (9), the points A v A 2, A r+1 are in the (r + 1)-dimensional sphere with centre 0 and radius R = 2-,-1(1.6) W ( r + j).
Also, by (8), provided e<%A R -r~x, So, as above, it follows by use of lemma 2, th a t if e is sufficiently small, no point, other than 0, of the r-dimensional space /? defined by B z, ..., B r lies in or on the cone 0 , " 0 < > ryl I ryl I I ry& plry&
vO ^ T «^2 I • • • I s; o
Also, as above, provided e is sufficiently small, the determinant A" of the lattice generated by the projections of the points A r+1, B z, ..., B r upon the space xr+1 = 0, satisfies A " < +
As before it follows that, provided e is sufficiently small, the lattice of points of A in /? is generated by points Cv C2, ..., Cr with co-ordinates
where 1 < v < j(l-6 )and vr -A". Consider the point B ± + A r+1 -C\ with co-ordinates
2> •
This is a point of A in /?. As and the co-ordinates of A r+1 satisfy (8), provided e is sufficiently small, the co ordinates of R j-f Ar+1-Cx satisfy |®i|<l, |a?a | < 1, ..., |a?r|<l.
But as the point is in /? its co-ordinates satisfy
Now all points satisfying (14) and (15) Similarly
Thus A is generated by a set of points with co-ordinates of the form 
where A note on a problem of Mahler l^p<*J(l-Q), l^v <^J ( l'6) where e is the number used in the definition of T. Let Sr+1 be the set of all points which belong to either T or T*. Then Sr+1 is a star body and the set of points with integral co-ordinates is admissible for Sr+1. Suppose A is any lattice with determinant A, which is admissible for Then, provided e = e(A, r) has been chosen to be a sufficiently small positive number, as A is admissible for T it is generated by points Dx, D2, ..., Dr+X with co-ordinates of the form (16), where 1 ^p<*J( 1*6), 1 1*6), firv A and'dj, d2, .. (17) . Similarly as A is admissible for T*, it is genera with co-ordinates of the form where ju,r+1 = A, and so is the lattice of all points whose co-ordinates are in multiples of AV{r+1). As the lattice of points with integral co-ordinates is admissible for Sr+1, and no lattice with a smaller determinant is admissible, this proves th at the lattice of points with integral co-ordinates is the unique critical lattice of 8r+1 and conditions (a) and (6) of the theorem are satisfied by Sr+1. The result now follows by induction.
5 . P r o o f o f t h e o r e m 3. Suppose A is any number satisfying I < A < 1*6) and 6 is any positive number less than 1. Then there exists an n-dimensional star body S satisfying the conditions obtained from conditions (a) and ( of theorem 2 by replacing A by |(A + ^(1*6)). By lemma 3 we may suppose th at S satisfies also the conditions (c) and ( 
I n t r o d u c t io n
In a former paper (Broadbent & Janossy 1947, referred to as I) it has been shown that penetrating showers are of two distinct types: (a) local penetrating showers, which probably consist of groups of mesons produced by fast nucleons, and (b) extensive penetrating showers, which are large air showers containing some penetrating particles.
It has been inferred by Cocconi, Loverdo & Tongiorgi (1942 , 1943 , 1946 ) that all extensive showers contain penetrating particles; the penetrating extensive showers under investigation will thus be assumed to be ordinary extensive showers, that is, large cascade showers containing some penetrating particles (see also Daudin 1942; and Clay 1943) .
The present investigation deals with the production of penetrating particles in extensive air showers.
